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FOREWORD 

This  r e p o r t  i s  the  s i x t h  t echn ica l  r epor t  under t h e  p re sen t  c o n t r a c t  and 
t h e  n in th  i n  a series. The genera l  aim of the program i s  t o  develop models 
adequate t o  account f o r  t he  dynamic c h a r a c t e r i s t i c s  of s e l e c t e d  systems i n  
mammals. 

Continuing the  gene ra l  aim t h i s  r e p o r t  provides  a theory of t he  a r t e r i a l  
pu lse  i n  what appears t o  be an excep t iona l ly  nea t  form, s i n c e  i t  c h a r a c t e r i z e s  
the  responses  of  t he  system i n  terms of t ransformat ions  which may be graphed 
by hand and e a s i l y  v i sua l i zed .  This  should provide a s o l i d  foundat ion f o r  the  
use of pu l se  wave techniques i n  d iagnos is .  

The problem was undertaken under the  general  superv is ion  of the  program 
d i r e c t o r ,  A .  I b e r a l l .  This  r e p o r t  i s  the  more d e t a i l e d  expos i t i on  of i n t r o -  
ductory m a t e r i a l  p resented  a t  the  November 1966 Annual Conference on Engineer- 
ing  i n  Medicine and Biology i n  San Francisco.  
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INTRODUCTION 

Analyses of t ransmiss ion  i n  a r t e r i a l  trees h a s  g e n e r a l l y  f a l l e n  i n t o  
one of t h r e e  ca t egor i e s :  

1. Trans i en t  ana lyses  

2.  Four i e r  ana lyses  

3. Analog s imula t ion  

The e a r l i e r  i n v e s t i g a t o r s  i n  t h e  f i e l d  viewed t h e  i n p u t s  t o  t h e  system i n  
t e r m s  o f  i s o l a t e d  "pulses" ( ind iv idua l  h e a r t  bea t s ) .  The i r  d i s c u s s i o n  was 
b a s i c a l l y  phrased i n  terms of simple phys ica l  models, e.g., t h e  windkessel 
of Frank. An ex tens ive  b ib l iography i s  contained i n  (15). La te r  (due t o  
t h e  in f luence  of Womersley), Four i e r  decomposition became t h e  mode of inves- 
t i g a t i o n  f o r  n e a r l y  everyone wi th  t h e  exception of J .  Malcolm (who v a l i d l y  
attempted t o  model t h e  e n t i r e  system a l b e i t  with a d i s t o r t e d  view of the  
h e a r t  o s c i l l a t o r ) ,  Noordergraaf (17) and Taylor (23), whose i n v e s t i g a t i o n s  
admit t o  a continuous spectrum. 

Womersley (26) d iscussed  the  response of a s t r a i g h t  a r t e r i a l  segment 
q u i t e  thoroughly.  Actua l ly ,  s i m i l a r  d i scuss ion  was begun by Witzig (25), bu t  
t h i s  e f f o r t  l apsed  i n t o  obscur i ty .  Noordergraaf d e a l s  wi th  t h e  s t r a i g h t  a r -  
t e r i a l  segment, by a sequence of de l ay  l i n e  c i r c u i t  models, each success ive  
model d e a l i n g  w i t h  a broader  spectrum of inputs .  The l a r g e r  segments a r e  
then  connected i n  a f a sh ion  suggested by gross anatomy, bu t  n o t  a c t u a l l y  
r e p r e s e n t a t i v e  o f  anatomy, and the  t e rmina l  impedances a r e  a n t i c i p a t e d  a s  
res i s t ive .  Taylor  (22 )  has  done numerous d i g i t a l  c a l c u l a t i o n s  of t h e  im- 
pedance of random a r r a y s  of branching systems made up of s t r a i g h t  segments. 

Other ana lyses  of t he  system a s  a whole tend t o  cons ider  i t  "equivalent" 
t o  some i d e a l  system wi th  r e g u l a r  geometry which may b e  e a s i l y  analyzed - 
e s p e c i a l l y  a t  t h e  lower end. Ear ly  a t t empt s  of t h i s  k ind  inc lude  the  s e v e r a l  
lumped systems o f  Karreman (13) and l a t e r  t h e  r e g u l a r  geometry was rep laced  
by a continuous tapere'd model (9) ,  (19), (5).  
anatomical j u s t i f i c a t i o n .  

I b e r a l l  (9) d i s c u s s e s  i t s  

I n  any case ,  t h e r e  i s  a t h ree - fo ld  systems problem: 

1. t h e  problem of s t r a i g h t  tube t ransmiss ion ,  

2 .  t he  problem of te rmina l  impedance, 

3 .  t h e  problem of dea l ing  wi th  t ransmiss ion  ac ross  a r eg ion  
of g ross  branching which i s  somewhat r egu la r .  

I n  t h i s  paper we hope to :  

1. show t h e  r e l a t i o n  of t r a n s i e n t  a n a l y s i s  of f l u i d  l i n e s  
t o  harmonic a n a l y s i s  t h e r e o f ,  



2. i n d i c a t e  t h e  p r a c t i c a l i t y  of formulat ing the  t ransmiss ion  
problem with r e spec t  t o  t r a n s i e n t s  i n  the  t i m e  domain and 
uniformly wi th  r e s p e c t  t o  "frequency" o r  pu l se  width w i t h i n  
t h e  domain of l i n e a r i t y  assumptions of Witzig (25) ,  I b e r a l l  
(8), Womersley (26),  e tc .  

apply t h i s  t r a n s i e n t  a n a l y s i s  t o  a whole c l a s s  of systems 
embracing i n  p r i n c i p l e  t h e  normal range of mammalian a r t e r i a l  
systems, which should h e l p  t o  c l a r i f y  t h e  meaning of 
"equivalence" among va r ious  idea l i zed  models mentioned. 

3 .  

4.  t r a c e  causa l  r e l a t i o n s  between f a m i l i a r  wave d i s t o r t i o n s  
seen i n  a r t e r i a l  trees (see MacDonald (16)) and the  b a s i c  
geometry of the  t r e e s ,  o r  t h a t  of the equ iva len t  systems. 

Heretofore ,  da ta  concerning normal geometry of t he  a r t e r i a l  system has 
been adapted from Green (6) .  This  has  been modified by I b e r a l l  (10). The 
following t a b l e  i s  taken from (10).  The t a b l e  shows: 

1. An o rgan iza t ion  i n t o  "levels", the  f i r s t  level being the  
a o r t a ,  t he  second c o n s i s t i n g  of a l l  i t s  branches,  t h e  t h i r d  
cons i s t ing  of a l l  branches of these ,  e t c .  

2 .  A g raduat ion  of s i z e ,  wi th  some overlapping which i s  
i n i t i a t e d  a t  f i r s t  level by the  v a r i a t i o n  i n  s i z e  of organs 
fed.  

3 .  A p rese rva t ion  of t o t a l  c ros s - sec t iona l  a r ea  over t h e  f i r s t  
t h ree  l e v e l s .  

4. A subsequent i nc rease  i n  c ros s - seg t iona l  a r ea  according t o  
a r u l e  f o r  branching diameters ,  d 
diameters and where k inc reases  t o  2.7 from the  f o u r t h  
l e v e l .  Suwa e t  a 1  (21)  g ive  da t a  showing a gene ra l  nea r ly  
l i n e a r  c o r r e l a t i o n  of  a r t e r i a l  segment length,  R ,  wi th  
diameter,  d, i t s  cons tan t  depending somewhat on the  t i s s u e  
examined. The va lues  f o r  R/d a r e  gene ra l ly  between 5 and 
30 ( p r a c t i c a l l y  never below 3 ) .  

= &l n where d ' s  are  

These p r o p e r t i e s  w i l l  be  s t a t e d  aga in  a s  a formal a r t e r i a l  model, except  
t h a t  €or  the  purpose of c l a r i t y ,  t he  overlapping and occas iona l  wide d e v i a t i o n  
of R/d w i l l  b e  minimized. This  makes no d i f f e r e n c e  i n  the  r e s u l t s  found. 
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MATHEMATICAL APPARATUS 

I n  cons ider ing  t r a n s i e n t  behavior  of f l u i d  l i n e s  w e  res t r ic t  our  a t t e n -  
t i o n  t o  t h e  c l a s s  of func t ions  of a r e a l  v a r i a b l e  t ( t  w i l l  r ep resen t  t i m e )  
having Four i e r  t ransforms;  being cont inuous;  having only a f i n i t e  number of 
maxima and minima; and being a l s o  such t h a t  f ( t )  = 0 f o r  t < a ,  a being some 
r e a l  number. 
defined by 

I n  d i scuss ing  such func t ions  w e  s h a l l  encounter t ransformat ions  

T(f )  = F"(g F ( f ) )  

i. e., by 

F(T(f ) )  = (g F ( f ) )  

where F denotes  t h e  Four i e r  t ransform and g i s  some complex valued func t ion  
of a r e a l  v a r i a b l e  cu. 

The func t ion  g must, i n  genera l ,  have the  proper ty  t h a t  g(-cu) = g*(cu) 
where the  a s t e r i s k  denotes  t h e  complex conjugate .  Transformations descr ibed  
i n  t h i s  way a r e  n e c e s s a r i l y  l i n e a r  and t h e  func t ion  g then  i s  a representa-  
t i o n  of t h e  t ransformat ion  T. Fu r the r ,  i f  g1 r e p r e s e n t s  T and g r e p r e s e n t s  
T2,  then 

1 2 

1. gl + g2 r ep resen t s  t h e  t ransform T + T where T1 + T i s  1 2 2 
def ined  so  t h a t  (T1 + T ) f  = Tl ( f )  + T 2 ( f )  and 2 

2 T1 2 .  g1 g2 = g2 gl r e p r e s e n t s  T T = T 1 2  

where 

Also i n  case  t h e r e  i s  a func t ion  k such t h a t  F(k)  = g where g r ep resen t s  
T,  then from the  so-ca l led  fo ld ing  theorem 

F-' (g F ( f ) )  = k * f 

i .e.,  

where k * f i s  t h e  func t ion  h def ined  by 

h ( t )  = 1". (t-u) f (u) du. 
0 

4 



. 
The function h is called the convolution of k and f. This means that the 
transformation T may also be represented in another sense by the kernel func- 
tion k and may be applied to f by performing the convolution. Since convolu- 
tion is not altogether difficult t o  visualize, we favor transformations with 
the kernel representation in this analysis. 

In fact, in order to show that F'I (g F(f)) exists for the g's  in- 
volved in transmission lines, we restrict the domain of allowable functions 
to those of form 

f = k * h  

where h is transformable and 

213 
1 -1 -k(jcu) k = F  (e 

for some real number k. However, if k is small then f is graphically indis- 
tinguishable from h so that the restriction is theoretically significant but 
not a practical one. 

5 



APPLICATION TO FLUID LINE PROBLEMS 

I where 

For a straight segment of fluid filled elastic tube the one-dimensional 
aspect of the transmission problem is determined by the equations: 

YF(P) = - aF(Q) 
dx 

(c.f. ( 4 ) )  where Q is flow, P is pressure, these being func'tions of distance, 
x, and time, t. The variable Z is called the line impedance; Y is called the 
shunt admittance,' these being complex valued functions of the frequency, CU. 
F is the Fourier transform, which, for functions of two vatiables, is defined 
by 

F(f) = g 

g(Wd = fl(t,X) e jCUtdt. 
' O C  

One easily derives the relation between the vectors at two points, XI' X2' 

The matrix involved is called the chain matrix (24 ) .  
(q,p) 
values of the 

If we regard (Q,P), 
as families of real valued or complex valued functions indexed by the 

continuous variable x then we may write the above as 

cosh (fi Ax) 8 sinh f i  & 

sinh (FZ Ax) cosh (fiZ Ax) 

Now, Z Y are given formally in (25, 8, 26). 

6 



Explicitly 

where 

c = propagation velocity (Moens-Korteweg velocity 
for arterics). 

Ax = distance along the tube 

2 r t = -  
1 V 

V = kinematic viscosity of the fluid 

r = tube radius (interior) 

z == cut  

p = fluid density 

A = cross sectional area of the tube 

1 

are Bessel functions Jo,J1 

One may verify that 
t 

L 
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c 

where the function E is characterized by the existence of an inverse transform 

which is a kernel function. Thus e represents the product of a "trans- 
lation" in time to Tto where if h = Tto (f) then h (t) = f (t+to) and a 
transform Ta where Ta (f) = Ka * f. 
given in figure 1 for the case where to/tl = 1. 

To the first order the graph of Ka is 

FurthermZ represents a transform of form A/pc  [I - Ttl] where I is 
identity i.e. I (f) = f and Ttl(f) = Ktl * f. is represented in figure 
2 .  A method of calculation is given in 

In summary, for a straight fluid filled tube specified by the parameter 
to/tl, d A ,  bl the relationship of the f16w Qx.1, and pressure Pxl, at 
station XI, to the corresponding pair at station x2 are given by 

where -1 -1 
- TtoTa + Tto Ta 

'a - 2 
T T  T -lT -1 
to a - to a 

2 s =  a 

are the transforms previously mentioned which are applied by Tto* Ta' T t ~ 9  
convolution with their kernel representations. 

We remark that the transformation given in equation 4 has a set of 
eigen vectors representing propagation in an infinite tube or one with 
matched termination. The eigen vectors are pairs of the form 

-1 
a Ta i.e., (Q,ZbQ). The "eigen values" however are T 



APPLICATION TO A CLASS OF NETWORKS 
SIMILAR TO ARTERIAL TREES 

The formal d e f i n i t i o n  of t h e  c l a s s  descr ibed i n  t h e  i n t r o d u c t i o n  i s  a s  
fol lows : 

The c l a s s  c o n s i s t s  of f l u i d  f i l l e d  l abyr in ths ,  each c o n s i s t i n g  of 
s t r a i g h t  tube segments jo ined  toge the r  t o  form a mul t i - l eve l  s t r u c t u r e .  The 
f i r s t  level c o n s i s t s  of a s i n g l e  progress ion  of tube segments whose members 
a r e  non-increasing i n  diameter.  Each segment of t h e  progress ion  te rmina tes  
a t  t h e  beginning of two o t h e r  segments of t h e  system. 
d iameters  of t h e  l a t t e r  p a i r  i s  less than  .85, then  t h e  l a r g e r  of t h e  p a i r  i s  
counted a s  next  i n  t h e  progress ion  -- otherwise t h e  progress ion  is  terminated.  
I f  t h e  l a b y r i n t h  conta ins  a t  l eas t  t h r e e  l eve l s ,  then  each tube involved i n  
t h e  te rmina t ion  of a member of t he  progression i s  t h e  f i r s t  tube i n  a new 
progress ion  -- each of which (progression)  belongs t o  the  second and l a s t  
level of t h e  system. I f  t h e  l a b y r i n t h  contains  a t  least  f o u r  levels then  
each tube  involved i n  the  te rmina t ion  of a segment of a second level pro- 
g r e s s i o n  i s  t h e  beginning of a t h i r d  level progression. The progress ions  
i n  a l a b y r i n t h  w i l l  be termed a r t e r i e s ,  and the progress ions  beginning a t  t h e  
t e rmin i  of members of a progress ion  w i l l  b e  ca l l ed  i t s  t r i b u t a r i e s .  While 
somewhat s t r ange ,  perhaps - upon c a r e f u l  study of  t he  formalism - it w i l l  be  
found t o  be q u i t e  adequate and n a t u r a l  as a desc r ip t ion  of t he  a c t u a l  charac- 
ter is t ics  of a r t e r i a l  t rees f o r  t h e  most par t . )  

I f  t h e  r a t i o  of t h e  

Furthermore the  t r i b u t a r i e s  of an  a r t e r y  have the  fol lowing r e g u l a r i -  
t i es :  

1. A t  t h e  mouth of a t r i b u t a r y ,  i f  dn is  the  diameter  of t he  n th  seg- 
ment, d&l i s  t h e  diameter o{ the  next  segment, and dt i s  t h e  t r i b u t a r y  dia- 
m e t e r ,  then  dnk = dn+lk + dt  where 2 < k < 3;  o r  i n  case  of a terminus,  
dnk = dt lk .  Fo r  a l l  a r te r ies  of t h e  mth l eve l ,  k has  t h e  same va lue  and, 
f u r t h e r ,  i s  a non-decreasing func t ion  of m. 

2. I f  Ri  i s  the  length  of t h e  i t h  segment, then  5 < R i / d i <  25. 

3. I f  t and t 2  a r e  t r i b u t a r i e s  of the same a r t e r y  having en t rance  d ia -  
meters d l  and a 2, then,65 < dl/d2 < .65-1 ( i ,e . ,  smal l  t r i b u t a r i e s  a r e  ignored).  

4 .  

5. 

The number of  segments i n  an  ar tery i s  between 4 and 12. 

The d e n s i t y  of  t he  f l u i d  i s  about 1 gm/cm ; the .k inemat ic  v i s c o s i t y  3 

i s  about  .035 poise .  

6. The propagat ion v e l o c i t y  i s  a non-decreasing func t ion  of t h e  level 
o r d i n a l ,  i.e., ar ter ies  of level m have v e l o c i t y  Cm and c m t l k  cm. 

7.  The f i r s t  a r t e r y  of the  l a b y r i n t h  has a n  en t r ance  diameter of a t  
l e a s t  1/2cm and a propagat ion v e l o c i t y  of 250 < c < 750 cm/sec. 

9 



8. The l a s t  level c o n s i s t s  of a r te r ies  of diameter  less than  30 (p). 

However, t h e i r  p r e c i s e  magnitude and ranges 

. 
(The numerical va lues  which were chosen a r e  e s s e n t i a l l y  s u i t a b l e  i n  a quant i -  
t a t i v e  sense f o r  a c t u a l  trees. 
a r e  a mat ter  of i n d i f f e r e n c e ) .  

To analyze the  t r a n s i e n t  behavior  of such a system, w e  begin  wi th  
a r t e r i e s  of t h e  next  t o  l a s t  level.  The a r t e r i e s  of t he  l a s t  level a r e  char- 
ac t e r i zed  by an impedance t ransform ZE where PE = ZE 
t h e  bottom, i t  i s  t h e o r e t i c a l l y  p o s s i b l e  t o  d e r i v e  a d r i v i n g  p o i n t  impedance 
law for  each system whose main a r t e r y  i s  of t he  o rde r  of 3mm i n  s i z e .  

QE. Working up from 

In  Appendix B w e  show t h a t  conse rva t ive ly  speaking any such subsystem 
of any of t he  systems under d i scuss ion  may be rep laced  by a simple d r i v i n g  
p o i n t  impedance law, provided t h a t  t h e  inpu t s  t o  the  subsystem a r e  r e s t r i c t e d  
t o  the  convolut ion of func t ions  of f i n i t e  a r ea  wi th  a func t ion  E given by 

While the  frequency r e s t r i c t i o n  proposed i s  c o n s i s t e n t  with e r r o r s  i n  
wave form of not  g r e a t e r  than  a few p e r  cen t ,  an  ex tens ion  t o  h igh  frequency 
content  a s  h igh  a s  10 cps i s  t o l e r a b l e ,  a l though wi th  poss ib l e  degrada t ion  of 
accuracy of the  d e s c r i p t i o n .  I n  any case,  a l l  t he  i n t e r e s t i n g  inpu t s  t o  a 
r e a l  a r t e r i a l  system a r e  a c t u a l l y  so f i l t e r e d ,  t h a t  i s ,  such d e t a i l s  a s  t he  
inc i su ra  a r e  l o s t  i n  t ransforming ac ross  t h e  l a r g e r  s i zed  tube  segments. 
Hence t h i s  i s  no r e s t r i c t i o n .  

The impedance law i s  of t he  form (from Appendix B) 

where the summation i n  t h e  express ion  i s  taken over  t h e  subsystems. D i s  the  
d i f f e r e n t i a l  ope ra to r ,  AE i s  the t o t a l  of t h e  d.c. admittance of the  t r i bu -  
t a r i e s  of t he  main (3m) a r t e r y ,  L i s  a t ransform of small  e f f e c t  which 
r ep resen t s  t h e  e f f e c t  of momentum. 

where Rn i s  the  d.c. r e s i s t a n c e  of t h e  n th  segment. 
t he  terminal  t r i b u t a r i e s .  

RE i s  the  r e s i s t a n c e  of 
Ltl ( f )  = (KL) tl * f ,  where (KL) t l  i s  represented  

by 

8 (1-X) / j z  

and 
2J1 (G, 

X(z)  = 
G Z J O  G z  

A graph of (KL) i s  shown i n  f i g u r e  3 .  
volume term i s  normally small .  
segments are s u f f i c i e n t l y  spa r se  t o  be  of i n d i v i d u a l  i n t e r e s t .  The r ecu r s ion  

The c o r r e c t i o n  t e r m  a s  w e l l  a s  t h e  
Above t h e  3mm s i z e ,  t h e  t e rmin i  of t he  a r t e r i a l  

10 



r e l a t i o n s  f o r  Qn, Pn a r e  g iven  by 
flow r e l a t i o n  g iven  by equat ion  5 
p o i n t  t o  p o i n t  c a l c u l a t i o n  may be 

equation 4 composed w i t h  t h e  t r i b u t a r y  e x i t  
(which de f ines  ZE of f i g u r e  4 ) .  Thus t h e  
c a r r i e d  ou t  g r a p h i c a l l y  by simple convolu- :n 

t i o n s  wi th  a t  most 3 f a m i l i e s  of ke rne l  func t ions ,  Ka,  K t l ,  and ( K L ) t l ,  cor- 
responding t o  i n v e r s e  transforms of 

-to/ tf (z) 
(1) e where ~ ( z )  = jz(-l+l/ l-X) which i s  t h e  convolution of 

-1 - E  
F (e ) with  i t s e l f  I 1 t o / t l  t i m e s . "  

(2)  ij = 1 -Jl-x 

(3) (l-X)/jz where X(z )  = I 

- 5 2  Jo ( f i z )  

which has an  inve r se  transform Q ( f i g u r e s  2 ,  3, 5). 

W e  s h a l l  now apply t h e  theory  t o  a t y p i c a l  a r t e r i a l  system o r  subsystem, 
i n  p a r t i c u l a r  a system c o n s i s t i n g  of an a r t e r y  25 cm long, 1 / 2  c m  i n  diameter 
and te rmina t ing  a t  a b i f u r c a t i o n  i n t o  two 2mm s i z e d  l a b y r i n t h s  ( f i g u r e  6) .  

The theo ry  thus  f a r  can be  used wi th  ex tens ive  computation t o  t es t  a l l  
s o r t s  of i n t e r e s t i n g  d e t a i l s  of t h e  response of an  a r t e r i a l  system, o r  more 
c a s u a l l y  and geomet r i ca l ly  t o  produce s a l i e n t  in format ion  about i t .  The 
theory developed s u f f i c e s  t o  determine t h e  unique response of  t h e  system t o  
an  a r b i t r a r y  p re s su re  pu l se ,  introduced a t  i t s  source ,  P i ,  t h e  response con- 
s i s t i n g  of t h e  flow p u l s e s  a t  the source and a t  t h e  b i f u r c a t i o n ,  Qrfio and Qr,l, 
r e s p e c t i v e l y ,  t oge the r  w i th  t h e  p re s su re  pulse  a t  t h e  b i f u r c a t i o n ,  r. 

To b e s t  i l l u s t r a t e  t h e  na tu re  of t h e  s y s t e m ' s  response,  w e  s h a l l  assume 
a smooth p r e s s u r e  p u l s e  a s  an input .  

Now t o  c a l c u l a t e  t h e  response, i t  would s u f f i c e  t o  express  t h e  d r iv ing  
p o i n t  admi t tance  t ransformat ion  f o r  t h e  whole system and apply i t  t o  t h e  inpu t  
p re s su re  pu l se ,  P i ,  t o  f i n d  t h e  flow pu l se  a t  t h e  source,  Qr o ;  t h e  chain 
ma t r ix  r e l a t i o n  (equation 4 )  may then be  used t o  compute Pr and Q,,,. 

However, a more i n s t r u c t i v e  and succ inc t  method of c a l c u l a t i o n  w i l l  be 
used which, i f  c a r r i e d  t o  t h e  u l t ima te ,  would proceed by success ive  "relaxa- 
t ions"  of a n  i n i t i a l  guess f o r  t h e  te rmina l  pressure ,  Pr. Actua l ly ,  only one 
new approximation o r  " re laxa t ion"  w i l l  be s u f f i c i e n t  t o  cap tu re  t h e  n a t u r e  of 
t h e  sys tem's  response. The most i n s t r u c t i v e  i n i t i a l  guess f o r  Pr i s  taken t o  
b e  t h e  i n p u t  p re s su re  i t s e l f ,  namely Pi. 

To make t h e  example most p e r t i n e n t ,  we assume 

c = 250cm/sec 

s o  t h a t  

toc.l sec ,  t r . 7 5  sec  (i.e., T = 1 corresponds t o  t = .75 sec ) .  

11 



(This might b e  an average va lue  i f  t h e  tube i s  somewhat tapered.)  Furthermore,  
t he  ca l cu la t ions  a r e  c a r r i e d  out  i n  dimensionless  form. I n  dimensionless  v a r i -  
a b l e s ,  t h e  r e l a t i o n  expressed by the  cha in  ma t r ix  (equat ion 4 )  reduces t o  

= C a t l  - ( I -Tt l )  SaFl 
60 

- S  
a -  

tl 

- 
Q, Ca F1 - -  

- I-T 

Where 

and Ca, S a  involve phase l a g s  of 0.1 sec.  The t ransform T corresponds t o  
K t l  of f i g u r e  2, where u n i t y  on the  absc i s sa  corresponds t o  t =  .75 sec. 

t i o n ,  equat ion 5 _ ( r e i e r r i n g  t o  s t a t i o n  1, f i g u r e  6 ) .  Figure  8 shows the  cor- 
responding p a i r  Qg, P/, which one would o b t a i n  a t  s t a t i o n  0 ( f i g u r e  6 )  i f  t he  
a r t e r i a l  segment behaved a s  a pure induct ive-capac i t ive  t ransmiss ion  l i n e .  
We note the  absence of the  d i c r o t i c  waves o r  any p a r t i c u l a r  s teepening  of 
wave f r o n t .  
f l u i d  system t o  be exh ib i t ed  i n  f i g u r e  1 2 .  

tl 

Figure 7 shows a p a i r  chosen according t o  t h e  te rmina l  impedance r e l a -  

- -  
This  i s  t o  be compared t o  the c o f r e c t  p a i r ,  Qo, Po, f o r  the  

In o r d e r  t o  t r a c e  t h e  sources  of d i s t o r t i g n ,  w e  in t roduce  t h e  jntermedi-  
which de f ines  t h e  und i s to r t ed  por_tion of Q1 i n  t h a t  t he  p a i r ,  Q, a r y  

( involving t h e  assumed te rmina l  va lue ,  P1, shown i n  f i g u r e  9, i s  an  "eigen 
vec tor"  o f  t h e  f l u i d  l i n e  segpent,-being t r ansmi t t ed  wi th  "e s sen t i a l ly"  no 
d i s t o r t i o n .  The r e l a t i o n  of Q t o  P1 i s  g iven  by 

- 
( I n  con t r a s t ,  the  e igen  va lue  p a i r  f o r  a n  L-C l i n e  i s  g iven  by Q = Fl). 

and 6 were equal ,  then t h e r e  would be no d i s t o r t i o n .  This  may be 
s t i t u t i o n  from t h e  i d e n t i t y  

i n t o  the second of equat ions  6 ;  and by no t ing  t h a t  s i n c e  t h e  p a i r  0, 
e igen  vec tor ,  then 

1 i s  an  

- 1- -S 
1 = -  a Q 4- CaFl* P 

a l-Ttl 
T 



-1 Here, Ta 

form i n  an i d e n t i c a l  f a sh ion  -- s p e c i f i c a l l y  by t h e  t ransformat ion  Ta'l,  Ta,  
being an ope ra to r  which accomplishes only s l i g h t  smoothing of t h e  pulse .  
(This expla ins  t h e  Ereyious use of t he  word "essent ia l ly ." )  A s  i t  i s  5 # 51 
and t h e  d i f f e r e n c e  Q1-Q i s  ac ted  on by the  d i s t o r t i o n  ope ra to r  Sa(l-Ttl)'l, 
aga in  from equat ions  6. F i n a l l y  t h e  r e s u l t  i s  added t o  the  p re s su re  pl, as a 
p re s su re  d i s t o r t i o n .  

s e rves  a s  an  "eigen value,"  i n  t h a t  both components 5 and Fl t r ans -  

I n  a s i m i l a r  fash ion ,  t he  a d d i t i v e  transmissio_nal - d i s t o r t i o n  f o r  flow i s  
found using a corresponding e igen  v e c t o r  pa i r ,  Q1,  P, shown i n  f i g u r e  10. 

F igure  11 shows Gl, ?1 t oge the r  wi th  the a d d i t i v e  d i s t o r t i o n s  which a r e  
r e f e r r e d  t o  a s  E and E 
f i g u r e  a l r eady  e x h i b i t s  s eve ra l  f a m i l i a r  f ea tu re s  seen i n  t h e  a c t u a l  a r t e r i a l  
pu l se  p a i r s ,  e.g., t h e  d i c r o t i c  wave and steepening i n  the  r i s i n g  ramp of  
pressure .  

The sums are shown a s  Go, Fo i n  f i g u r e  12 .  This  
q P' 

But, aga in ,  t h i s  c a l c u l a t i o n  simply furn ishes  an  explora tory  p o i n t  char- 
a c t e r i s t i c  of t h e  r e l a t i o n  between te rmina l  pressures ,  t h e i r  corresponding 
te rmina l  f lows, and pressure-flow p a i r s  a t  the source.  From t h e  systems p o i n t  
of view, t h e  pu l ses  l a b e l l e d  a s  51, PI of  f i gu re  7 and C0 of f i g u r e  1 2  cons t i -  
t u t e  t h e  response t o  t h e  input  p re s su re  pulse  l a b e l l e d  a s  Po i n  f i g u r e  12 .  

To cont inue  our  i l l u s t r a t i o n ,  l e t  u s  as2ume t h a t  w e  wish t o  f i n d  t h e  re- 

We may o b t a i n  t h e  response by f ind ing  what te rmina l  
sponse of- the system t o  t h e  inpu t  pressure ,  P i ,  where p i  i s  t h e  pu l se  
l a b e l l e d  - P1 i n  f i g u r e  7. 
p a i r  Qr,l, 
t h e  given inpu t  p re s su re ,  PI. 
using t h e  previous in te rmedia te  r e s u l t s .  

Fr would, when-transformed by t h e  process  j u s t  ou t l i ned ,  y i e l d  
This  could be done by a process  of r e l a x a t i o n  

S p e c i f i c a l l y ,  s i n c e  t h e  mismatch i n  impedance between t h e  main tube and 
t h e  te rmina l  s y s t e z  i s  of second order ,  then t o  the  f i r s t  o rde r ,  t h e  s o l u t i o n  
f o r  t h e  p re s su re ,  Pr, c f  ou r  cu r ren t  problem i s  t h e  d i f f e r e n c e  between t h e  
input  graph (shown as PI i n  f i g u r e  11) and the graph marked E i n  t h e  same 
f i g u r e .  Fu r the r  c o r r e c t i o n s  involve est imat ing t h a t  p re s su re  curve which 
t ransforms i n t o  -E by t h e  process  a l r eady  out l ined .  

P 

P 
A t  any ra te  i t  i s  c l e a r  t h a t  t h e  r e s u l t i n g  p res su re  response a t  s t a t i o n  

1 would involve  t h e  d i c r o t i c  wave and ramp steepening a l r eady  noted. 



SUMMARY 

To summarize, l e t  us survey the  whole s i z e  range involved i n  an a r t e r i a l  
t r e e  of  t he  c l a s s  w e  have chosen t o  consider .  

F i r s t ,  smal l  subsystems involv ing  only a r t e r i e s  apprec iab ly  sma l l e r  than 
3mm may b e  represented  by d r iv ing  po in t  impedances which a r e  i d e n t i c a l  t o  a 
simple r e s i s t i v e - c a p a c i t i v e  network, t h e  ind iv idua l  segments behaving bas i ca l -  
l y - a s  lumped elements each c o n t r i b u t i n g  only s l i g h t l y  t o  t h e  capaci tance.  

From t h i s  po in t  up t o  t h e  3mm s i z e ,  t h e  ind iv idua l  elements no longer  
con t r ibu te  inductance-free behavior ,  s o  t h a t  one has  t o  begin  paying a t t e n t i o n  
t o  t h e  changing c h a r a c t e r  of t h e  l i n e  impedance a t  a po in t  below t h i s  level.  
The e f f e c t  of t he  hybrid l i n e  impedance on the  d r i v i n g  p o i n t  impedance of a 
3mm labyr in th  i s  summarized i n  equat ion  5. 

No d e t a i l e d  example of a c a l c u l a t i o n  of t he  lumped network a t  t h i s  s i z e  
has  been given,  a l though t h e  impedance of t h e  components i s  a v a i l a b l e  from the  
l i n e  impedance and t h e  cha in  matr ix .  

Immediately above the  3mm s i z e ,  t he  e f f e c t  of mismatching between t h e  
l i n e  impedance a n i  t h e  te rmina l  impedance i s  e v i d p t  from our  example; f o r  i f  
they  were equal ,  Q of f i g u r e  9 would b e  equal  t o  Q1 of f i g u r e  7. 
t h e  d i s t o r t i o n  of the  ca l cu la t ed  inpu t  pressure ,  E of f i g u r e  11, i s  due t o  
t h i s  mismatching i n  conjunct ion wi th  t h e  e f f e c t  of t he  phase l a g  ac ross  t h e  
tube  -- which a t  t h e  level of t h i s  example i s  of t h e  o r d e r  of 0.1 see. 

I n  f a c t ,  

P 

Thus, i t  i s  hard t o  escape f e e l i n g  t h a t  t h e  p e c u l i a r i t y  of the  pu l se  
t ransmiss ion  seen i n  a r t e r i a l  t r e e s  i s  we l l  a sc r ibed  t o  t h e  hybr id  impedance 
n a t u r e  of  t he  f l u i d  l i n e  segments i n  t h e  system of t h e  gene ra l  dimensions con- 
s ide red  i n  t h e  example, i .e. ,  one should expect  t he  e f f e c t s  t o  be maximal i n  
a zone where  r e f l e c t i o n  from te rmina l  o r  s i d e  tubes involves  pu l ses  of t he  
same time width a s  twice the  phase l ag .  From another  view, these  l i n e s  -- 
with  re ference  t o  the  pu l se  widths  considered -- have a l i n e  impedance char- 
a c t e r  which i n  c o n t r a s t  t o  t h e  b e t t e r  matched induc t ive -capac i t i ve  l i n e  (see 
f i g u r e  8) involves  "overshoots" i n  p re s su re  and "undershoots" i n  flow which 
a r e  r e f l e c t e d  a t  t h e  s i d e  branches.  

F ina l ly ,  a r t e r i e s  l a r g e r  t han  .5 c m  soon appear  e s s e n t i a l l y  induct ive-  
capac i t i ve  i n  na tu re  owing 
e f f e c t  becomes n e g l i g i b l e ,  except  t h a t  t h e r e  w i l l  be  an e r a s u r e  of h igh  f r e -  
quency o r  sharp  d e t a i l  because t h e  f i l t e r i n g  a c t i o n  represented  by Ka ( f i g u r e  
1) becomes apprec iab le  i n  any one segment o r  cha in  of segments f o r  pu l se  
widths  of .05 sec  w h e n 3  = ttl/to2 has  a va lue  of about  4 f o r  t > .OS, i .e.,  
when tl/t  80. Thus, t h e  l a r g e r  tubes  r e s t r i c t  t h e  p o s s i b l e  d e t a i l  t o  be 
d e a l t  w i t g  i n  t he  smal le r  ones a s  noted e a r l i e r .  

t o  t h e  broadening of t h e  ke rne l  Kt t o  where i t s  
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Appendix A 

s, K t l ,  we l e t  t I n  o r d e r  t o  e v a l u a t e  the  ke rne l s  = 1 and express 1 

where u i s  t h e  u n i t  s t e p  f u n c t i o n .  Further,  

But, i n  gene ra l  

where 

-1 
h = F (g). 

Therefore,  on changing v a r i a b l e s  

S i m i  l a r  1 y 
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and f i n a l l y  the  kerne l  f o r  X,  5 s a t i s f i e s  

S imi l a r ly  when 5 i s  known K represented  by 1 - 6 must s a t i s f y  tl ' 

2Kt1 - Ktl * Ktl = 5 
( I$ , ) t l  must s a t i s f y  

(K& = (8 u - u 7k s) 
where u is  t h e  u n i t  s t e p  func t ion .  

We have s t i l l  t o  eva lua te  the  ke rne l s  Ka. 

Now 

where Z i s  bounded. 

Thus 

where t h e  series converges uniformly i n  terms of z .  

if u denotes the  u n i t  s t e p  func t ion ,  then the  ke rne l  K E s a t i s f i e s  
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( l - K t l )  * (U * Ke) = Ktl -($) + Ktl * (2) 
On t h e  o t h e r  hand t h e  graph of E(Z) i s  represented i n  f i g y r e  13 a s  t h e  d i f -  
fe rence  between t h e  do t t ed  l i n e s  and s o l i d  l i n e s  - from which t h e  t ransform 
may a l s o  be est imated.  

The f i r s t  o rde r  e f f e c t  of K i s  t h a t  of a 

- 1 / 4 t  
e -1 - 5 2  1 F ( e  ) = -  

which i s  graphed i n  f i g u r e  1 (where a = t and t = 1). 

From t h e  curves shown i n  F igures  1, 2,  3, and 5, any des i r ed  ke rne l  
may be  obta ined .  For example, i f  K represents  t he  func t ion  K 
then  f o r  any o t h e r  va lue  of t, 

f o r  tl = 1, 
t l  

S imi l a r ly ,  f o r  t he  o t h e r  ke rne l s .  
re -sca l ing .  

Hence one ob ta ins  t h e  d e s i r e d  func t ion  by 
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APPENDIX B 

-1 The t ransform Ta i s  represented  by K = F (g,) a 

1' where t / t  N + R / t l  , N an i n t e g e r  and R < t 
0 1 =  

I f  t 

t h e  e f f e c t  of t o / t l  on Ka i s  s u r e l y  continuous - i n  f a c t  t o / t l  w i l l  t ake  an  
i n t e g r a l  va lue  somewhere w i t h i n  the  tube.  
convolut ion of F- l (ga)  = Kal wi th  i t s e l f  N t i m e s  where gal(cu) = e 

then 

i s  q u i t e  small  then  t o / t l  1 1 may be taken t o  be t h e  n e a r e s t  i n t e g e r  because 

I n  t h a t  case  Ka i s  equal  t o  the  
-E (Utl)  

i. e. 

Therefore the  a rea  under t h e  curve i s  independent of t It w i l l  be  seen 
t h a t  the a rea  should be un i ty ,  f o r  i f  a pu l se  of flow i s  introduced i n t o  an 
i n f i n i t e  l i n e  and the  beginning of t h e  l i n e  i s  then  c losed ,  then  t h e  flow 
pu l se  a t  t h e  source i s  transformed by Kal i n t o  the  flow pu l se  a t  a s t a t i o n  
removed so t h a t  to/tl = 1 - i .e. so t h a t  Ax = ct l .  
su re  pulse i s  mul t ip l i ed  by the  a rea  under'Ka1. 
a t  t h e  new s t a t i o n s  i s  equal  t o  the  t o t a l  flow p a s t  t h a t  s t a t i o n ,  a s  i s  the  
a rea  under the  o r i g i n a l  pulse .  Therefore  these  a r e a s  must be t h e  same - 
otherwise some excess  volume would be  permanently t rapped between t h e  two 
s t a t i o n s ,  causing a permanent r ise  i n  pressure .  
g ive  the r e a l  and imaginary p a r t  of t h e  exponent of g a l  and the  curve f i  + 3/2  i s  shown f o r  comparison. 

1. 

The a rea  under t h e  pres- 
But t h e  a r e a  under t h e  pu l se  

I n  f i g u r e  1 t h e  s o l i d  l i n e s  

We see from f i g u r e  1 t h a t  t he  a r e a  under Ka, i s  n e a r l y  a l l  confined t o  
(u < 3. This  means 
t h e  a rea  under Ka i s  confined t o  t < 3. 
l i t t l e  e f f e c t  on a s i n g l e  segment. 
Ca o f  equat ion ( 4 )  > reduces t o  t h e  i d e n t i t y  I. 

t h a t  f o r  tubes of diameter  less  than  1 / 3  cm when ti < 1 
But because to/tl 2 1/50,  Ka has  

Likewise because of small  t r a n s i t  t i m e  
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While Sa reduces t o  a t ransform represented by& Ax f o r  i npu t s  say  of 

o rde r  e o k P  , k > ko , s ince  the  series 

converges uniformily.  

Inpu t s  of t h a t  o rde r  may be thought of a s  members of t he  se t  of a l l  f 
such t h a t  f = m(K * h) , 
where 

These a r e  cha rac t e r i zed  a s  sums of curves  a t  l e a s t  as "smooth" and a s  "broad" 
a s  

2 
whose f e a t u r e s  are confined t o  t <  3k tl. 

Therefore  equat ion  (2 ' )  reduces t o  

i. e. t o  equat ion  (1) 

(The e igen  va lues  a r e  h = 1 + t D 
- 0  

Consider an a r t e r y  belonging t o  one of  t h e  levels i n  t h i s  domain ( f i g u r e  4 ) .  
The t r i b u t a r y  systems are  represented dynamically by t h e i r  impedance func t ions ,  
(Z ) t h e  r ecu r s ion  r e l a t i o n s  from terminus t o  source a r e  E n  

27 
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I f  t he  te rmina l  p re s su re  were n e a r l y  0 t h e  f i r s t  r e l a t i o n  would become: 

Q, = Qo 

P h  
F(P1) = - t l A  1-X (Qo) 

Now j z / ( l - x > = 8  f o r  z < 1 and i s  sma l l e r  i n  abs.  va lue  t h a t  82 f o r  z > 1. 

I f  

where 

-1 -362, ¶ . h l d t  = 1 
K = F ( e  

C 

t hen  one may show 

f o r  a l l  w. This  means t h a t  g raph ica l ly  

- -  8Pcur Qo + E 

tlA p1 - 

where E i s  uniformily s m a l l  wi th  r e spec t  t o  Q . Thus, t h e  te rmina l  r e l a t i o n  
reduces t o  P o i s e u i l l e ' s  law o r  something equ iva len t  i n  c h a r a c t e r  f o r  a c t u a l  
blood flow i f  one cons iders  t h e  rheology problem. 

0 

Fur ther  i f ,  i n  p a r t i c u l a r ,  t h e  i n p u t s  t o  an a r t e r y  cons i s  ums of 
curves  a s  smooth and a s  broad i n  t h e  prev ious  sense a s  F' 1 (e- (153?&) , 
which i s  t h e  t y p i c a l  case  i n  a r t e r i a l  systems below t h e  3 m  s i z e ,  then  f i r s t  
of a l l ,  because of  a t t enua t ion ,  one expec t s  t h e  s i t u a t i o n  t o  improve i n  a l l  of 
t h e  t r i b u t a r y  s s t e m s .  Thus i f  t h e  a r t e r y  i s  of  such d iameter  t h a t  e-(1/3)fi  
rep laces  e-3 Jtlw i n  t h e  previous d i s c u s s i o n  - i.e., r / v  = t1&1/81. ?- 2 Then 



c 

i n e r t i a  may be ignored and t h e  expres s ion jZ / ( l -X)  i n  equat ion  (B2) may be re- 
placed by the  express ion  1/8.  The cond i t ion  on diameter i s  d < 1/25 cm. - 

We remark p a r e n t h e t i c a l l y  t h a t  from another  p o i n t  of  view 8(1-X)/jz has  
an inve r se  t ransform ( K L ) t l  so t h a t  mult iplying by jz/8(1-X) i s  equ iva len t  t o  
t ransforming a func t ion  f i n t o  f where ( K L ) t l  * = f .  

W e  may assume t h a t  near  t he  end of  t h e  system ( Z E ) ~ ~ l * A t 1 / 8 P ~ .  
2 Dividing by t h e  c a p a c i t i v e  t e r m ,  A Axlpc from equat ion B2.g ives  

c2 > 5000 2 2  r c  

8Ax - 8 x .035Ax 8 x 50 

2 
- -  

8 
2 

A s  w e  go t o  h i g h e r , l e v e l s  t he  capaci tance,  AAx/pc2, grows a s  t h e  volume whi le  
t he  doc .  admit tance grows about l i n e a r l y  with AK, 15 
capi tance  may even tua l ly  become s i g n i f i c a n t  i n  a s o l u t i o n  t o  equat ion  (B2) 
(e.g., cons ider  a P i c a r d ' s  series),  b u t  t h i s  only when t h e  r a d i u s  r a t i o  r/rE 
i s  of t h e  o rde r  of d z 8 ,  which happens a t  a diameter of about  1 mm. 

<, 3/2. Hence t h e  

Thus the  system below the  1 / 2  nun s i z e  appears h igh ly  resist ive.  

For 1 / 2  < d < 3 (mm) equat ion (B2) should s t i l l  apply,  b u t  z E 1  i s  a 
r e s i s t a n c e  REI of the  o rde r  of N times the  terminal  r e s i s t a n c e  of t h e  system, 
where N i s  the  number of te rmina l  r e s i s t o r s  on t o  t r i b u t a r i e s  of the  system. 
Thus REI i s  bound t o  be  l a r g e  compared t o  the  l o c a l  r e s i s t a n c e  8 ~ A x / t l A  s ince ,  
a s  a v a r i a b l e ,  RE1 changes even tua l ly  by t h e  a rea  r a t i o  whi le  t he  l o c a l  re- 
s i s t a n c e  changes wi th  t h e  cube of the rad ius .  
Also t h e  q u a n t i t y  &/c2 i s  very  s m a l l  compared t o  8pAx/tlA. 
fol lowing s impl ica t ion :  

(Since Ax/r i s  nea r ly  cons tan t ) .  
This  a l lows t h e  

I f  Pm, Qm a r e  t h e  p re s su re  and flows a t  t h e  en t rance  of a 2-3 mm a r t e r y  
(whose t r i b u t a r i e s  a r e  e s s e n t i a l l y  of t he  r e s i s t i v e  s i z e ) ,  PEy QE = RE PE are 

those  a t  t h e  l a s t  t r i b u t a r y ,  D i s  the  d i f f e r e n t i a l  opera tor ,  Lt l  i s  t h e  t rans-  
form represented  by 



r) 

Then the relation among these is given by Picard's series and will be written 
in informal symbolism as 

The simplification is that the series converges so rapidly that this expres- 
sion becomes essentially 

E] P [ % QE QE ] 
or 

where V is the volume of the system. 

Therefore the driving point impedance of a 3 mm arterial system given by 

where 

In representative figures 

where 
look like simple lumped R-C elements. 

represented by a kernel of area a,10 < a < 200. Thus, these tubes 
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